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Robenius $t\infty t$ ,
. $Robeniu\epsilon$ , ,
$(a, b)$ . , $n$ $(a, b)$ $Rob\epsilon n\ddagger us$
, $n$ $(a, b)$ .
1
, $n$ 1 “ ”
. $u$ \eta , . ,
, .
, n , $S$
. , .
, , .
, . , ,
$n$ $\mathcal{O}((\log n)^{5})$ .
$O((\log n)^{3})$ ,
. , Felmat
Miller-Rabin test , ERH. ,
. , ERH. ,
. , .
General Frobenius test [1] J. Grantham ,
Quadratic Rolxnius test . Quadratic Robeniu8taet
Ftobenius test , .
Frobenius test , 1.1 [1] .
1.1 $a,$ $b$ $\Delta=a^{2}-4b\neq 0$ . $n$ $gcd(n, 2b\Delta)=1$
’ShnhrOtvs.rikkyo.ne.jp
1568 2007 27-33 27
. .
$x^{n}\equiv\{\begin{array}{ll}a-x (mod (x^{2}-ax+b, n)), ( (\frac{A}{\mathfrak{n}})=-1 \text{ }),x (m d (x^{2}-ax+b,n)), ( (\frac{\Delta}{n})=1 \text{ })\end{array}$
(1)
, $n$ $gcd(n,2b\Delta)=1$ (1) . $(a, b)$
Frobenius , $fp\epsilon p(a, b)$ .
Frobenius test , fPsp$(a,b)$ $(a,b)$
. ( Miller-Rabin test E.R.H.
) fPsp$(a, b)$ $(a, b)$ ,
” . ( , $Z/p\sim$ $e>1$
, $t$ ” ” . ,
)
Frobenius test $n$ $(Z/n\mathbb{Z})[x]/(x^{2}-ax+b)$ $x$ .
$x$ $M$ , $m$ $\Phi_{m}(x)$ ,
$x^{M}-1= \prod_{m|M}\Phi_{m}(x)\equiv 0$
$(mod (x^{2}-ax+b,p^{\epsilon}))$
$n$ $p^{\epsilon}$ . , $x^{2}-ax+b$ $Z/p^{\epsilon}Z$ $x^{M}-1$ ”
, $x^{M}-1$ .
12 (2) .
1.2. $a,$ $b$ $\Delta=a^{2}-4b\neq 0$ . $gcd(n, 2b\Delta)=1$ $n$
fPsp$(a, b)$ .
xn-( ) $\equiv$ $\{\begin{array}{ll}b (mod (x^{2}-ax+b,n)) ( (nA)=-1 \text{ }),1 (mod (x^{2}-ax+b, n)) ( (\mathfrak{n}A)=1 \text{ }).\end{array}$
(2)
2 Frobenius ICF
, Frobeniu8 , $(a,b)$
$n$ Frobenius $(ICF1)$ (ICF5) .
$1\leq a,$ $b\leq 10$ $\Delta=a^{2}-4b$ $(a, b)$ , $[5N00,10^{8}+5000]$
Robenlus test . , fPsp$(a, b)$ 1000
$(a,b)$ . , $b=1$ $(a, b)$ $Luc\Re\Re quence$
$(a, b)$ . Luca8test . , $b=-1$
28
, fPsp$(a, -1)$ 500 . $(a, b)$ Frobenius
, $(a, b)$ . , $( \frac{A}{n})=-1$
$b\neq\pm 1$ $n=fpsp(a, b)$ 291409 .
, $b=\pm 1$ $( \frac{\Delta}{\mathfrak{n}})$ , Frobenius .
Frobeniu8 .
2.1 (liVobenius pseudoprime of the flrst type). $n$ fPsp$(a, b)$ , $n$
$P$ $(_{p}^{A})=1$ . , $n$ $(a, b)$ Frobeius pseudoprime of the
first tyPe , fPsp$1(a, b)$ .
2.2 (Robenius pseudoprime of the second type). $n$ fPsP$(a, b)$ , $n$
1 $P$ $(_{p}^{4})=-1$ . , $n$ $(a, b)$ Frobeius
$p\epsilon eud\varphi rime$ of the seaynd $ty\mu$ , $fpsp2(a, b)$ .
23 (libobenius pseudoprime of the third type). $n$ fPsP$(a, b)$ , $b\equiv 1(mod n)$
$(_{n}^{4})=-1$ . , $n$ $(a, b)$ Frokius PseuMime Of the third $ty\mu$
, $fpsp3(a, b)$ .
2.4 (FVobenius pseudoprime of the fourth type). $n$ fPsp$(a,b)$ , $b\equiv-1(mod n)$
$(_{n}^{A})=-1$ . , $n$ $(a, b)$ Frobeius $pseud\varphi rime$ of the fourth
tyPe , $fp\varphi 4(a, b)$ .
2.8 (F)robenius pseudoprime of the flfth type). $n$ fPsP$(a, b)$ , $b\neq\pm 1(mod n)$
$( \frac{A}{n})=-1$ . , $n$ $(a, b)$ Frobeius $pseum\{me$ of the fifth type
, $fpsp5(a, b)$ .
, $n$ fPsp$(a, b)$ $(n, a, b)$ .
.
2.6 (Ineﬄcasious conditions of litobenius test $(ICF)$ ).
$fi\}vbenius$ , nefficacious Conditio$ of Frobenius test $(ICF)^{n}$
.
, $(a, b)=(1,1)$ $n$ $gcd(n,6)=1$ ICF . ,
$n$ fPsp$(l, 1)$ .
, Frobenius , ICF1 ICF5 . ,
.
2.7. $g(x)$ $h(x)$ . $h(x)\equiv 0(mod (p^{\epsilon},g(x)))$
, $u_{9(x)}$ $Z/p^{\epsilon}Z$ $h(x)$ $’$. $A1g(x)|_{p^{*}}h(x)$ .
(2) , $n$ $fp\epsilon p(a, b)$ , $M$ $x^{M}\equiv 1(mod (n,x^{2}-ax+b))$
. , $n$ $P^{\epsilon}$ , $x^{2}-ax+b$ $Z/pZ$ $x^{M}-1$ “ ”
. ” , $e>1$ $\mathbb{Z}/p^{e}Z$ . , 3
, $P$ \dagger $M$ $x^{M}-1$ “ ” , $Z/p^{\epsilon}Z$
.
, $n$ $(a, b)$ Frobenius ,
ICF1 ICF5 .
29
2.8 (ICF of the flrst type $(ICF1)$ ). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{1=1}^{k}p_{1}^{e\ell}$ . $(n, a, b)$ $CF1$ ’ .
(ICFl–l) $i\in[1, k]$ , $f(x)\equiv(x-c_{11})(x-c_{t,2})(mod p_{1}^{e}‘)$ ,1 $\neq c_{i,2}(mod p_{i}^{\epsilon}‘)$ ,
$x-$ ,1 $|_{p_{t^{i}}}\cdot\Phi_{m}(x),$ $x-$ ,2 $|_{p_{i^{1}}^{*}}\Phi_{m_{l}’}(x)$
, $m_{*}’$. .
$(ICF1-2)m=l\sigma n(m_{1},m_{1}’, \ldots,m_{k}, m_{k}’)$ $n\equiv 1(mod m)$ .
$n$ $fp\epsilon p1(a, b)$ , $(n, a, b)$ ICF1 .
2.9 (ICF of the second type $(ICF2)$ ). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{1=1}^{k+\ell}p_{1}^{\epsilon}$‘ . $(n, a)b)$ $CF2$ ’ .
(ICF2–1) $i\in[1, k]$ , $f(x)$ $Z/p_{1}^{\epsilon_{t}}Z$ , $f(x)|_{p}\cdot\Phi_{m}$, $(x)$ $m_{j}$ .
(ICF2–2) $\sum_{1arrow 1}^{k}e_{1}\equiv 0(mod 2)$ .




(ICF2-4) $m=l\alpha n(m_{1}, \ldots,m_{k},m_{k+1},m_{k+1}’, \ldots, m_{k}+\ell,m_{k+\ell}’)$ $n\equiv 1(mod m)$ .
$n$ $fp\epsilon p2(a, b)$ , $(n, a, b)$ ICF2 .
2.10 (ICF of the third tyPe (ICF3)). $a,$ $b$ $f(x)=x^{2}-ax+b$ $,$ $n$ a
$n= \prod_{1=1}^{k+\ell}p_{1}^{e}$ ‘ . $(n, a, b)$ $u_{ICF3’}$ .
(ICF3-1) $i\in|1,$ $k$] , $f(x)$ $Z/p_{1}^{\epsilon}\mathbb{Z}$ , $\equiv-1(mod m:),$ $f(x)|_{p_{l}}\cdot\Phi_{m_{l}}(x)$
$m:>2$ .
(ICF3-2) $\sum_{1-1}^{k}e_{j}\equiv 1(mod 2)$ .
(ICF3-3) $i\in[k+1,$ $k+$ , $f(x)\equiv(x-c_{j})(x-c_{1}^{-1})(mod p_{1}^{\epsilon_{l}})$ , $x-c_{1}|_{p_{l}^{*}}\Phi_{m}$ , $(x)$
$m_{i}>2$ .
(ICF3–4) $m=l\alpha n(m_{1}, \ldots, m_{k}+\ell)$ $n\equiv-1(mod m)$ .
$n$ $fpsp3(a, b)$ , $(n, a, b)$ ICF3 .
2.11 (ICF of the fourth (ICF4)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{-1}^{k+\ell}p_{1}^{e_{t}}$ . $(n, a, b)$ $lICF4$ ’ .
(ICF4–1) $i\in[1, k]$ , $f(x)$ $\mathbb{Z}/p_{j}^{e}$‘ $\mathbb{Z}$ J $f(x)|_{p}:\Phi_{m_{l}}(x)$
$s_{i}\geq 2,$ $p:\equiv 2^{c-1}r:-1$ $(mod m)Ba$ $m_{i}\neq 4$ (3)
$m_{t}=2r_{1}$ . $r_{i}$ .
(ICF4–2) $\sum_{1-1}^{k}e_{1}\equiv 1(mod 2)$ .
(ICF4-3) $i\in[k+1,$ $k+$ , $f(x)\equiv(x-c_{1})(x+c_{1}^{-1})(mod p_{1}^{\epsilon_{t}})$ , $x-c_{1}|_{p_{l}^{\ell}}\cdot\Phi_{m}(x)$
$m$: .
(ICF4–4) $m=l\alpha n(m_{1}, \ldots,m_{k\star\ell})$ , $n\neq-1(mod m)$ , $2(n+1)\equiv 0(mod m)$ .
$n$ $fpsp4(a, b)$ , $(n, a, b)$ ICF4 .
30
2.12 (ICF of the flfth tyPe (ICF5)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{j=1}^{k+\ell}p_{i^{i}}^{e}$ . $(n, a, b)$ $CF5’$ .
(ICF5–1) $i\in[1, k]$ , $m_{I}|gcd(p_{i}n-1,p_{1}^{2}-1),$ $m$: \dagger $P;-1$ $m$: .
(ICF5–2) $i\in[1, k]$ , $f(x)$ $\mathbb{Z}/p_{1}^{\epsilon}\mathbb{Z}$ , $f(x)|_{p_{4}^{*}}\Phi_{m}(x)$ .
$(ICF 5-3)\sum_{|=1}^{k}e:\equiv 1(mod 2)$ .
(ICF5-4) $i\in[k+1, k+\ell]$ , $m:|gcd(n^{2}-1,p:-1),$ $m_{1}\{n-1$ $m$:
.
(ICF5-5) $i\in[k+1, k+\ell]$ , $f(x)\equiv(x-c_{j})(x-c_{1}^{n})(mod p_{1}^{\epsilon}‘)$ , $f(x)|_{p\ddagger}\Phi_{m_{\ell}}(x)$
$m_{i}$ .
(ICF5–6) $b\neq\pm 1(mod n)$ .
$n$ $fpsp5(a, b)$ , $(n, a, b)$ ICF5 .
3 $m$ $\Phi_{m}(x)$
ICFl ICF5 , $\mathbb{Z}/p^{e}\mathbb{Z}$
$t$‘ ” . $Z/p^{e}Z$ $\Phi_{m}(x)$ “ ” , Hensel
, Fp .
, 31 . $squar\triangleright free$ $Hen8el$
.
31. $P$ $m$ , $\Phi_{m}(x)$ Fp $squar\mathfrak{r}- fi\epsilon\epsilon$ .
, $P$ $n$ , $m$ $P$
.
32 , $Z$ $\Phi_{m}(x)$ $F_{p}$ $\epsilon quare$-free
, $m$ $P$ .
3.2. $1\leq j\leq k-1$ $j$
$m|p^{k}-1,$ $m$ \dagger $p^{\dot{f}}-1 \Leftrightarrow\Phi_{m}(x)\equiv\prod_{1=1}^{\varphi.(m)}g:(x)$ $(mod p)$ .
$g:(x)$ $k$ Fp , $\varphi$ Euler’s totient $\mu_{nc}$ton .
$e>1$ $Z/p^{e}Z$ ,
.
33. $g(x)$ . ,
$g(x)\equiv s(x)t(x)$ $(mod p^{\epsilon})$ and $0<\deg s<\deg g$ .
$s(x),t(x)$ , $g(x)$ $Z/p^{e}Z$ ” .
31, 32 $Hen\epsilon el$ 34 .
31
3.4. $1\leq i\leq k-1$ $i$
$m|p^{k}-1,$ $m$ \dagger $p^{;}-1 \Leftrightarrow\Phi_{m}(x)\equiv\prod_{1=1}^{\varphi.(m)}g_{\epsilon,t}(x)$ $(mod p^{\epsilon})$ .
, $g_{\epsilon,i}(x)$ $k$ $(\mathbb{Z}/p^{e}\mathbb{Z})$ . , $i$
$1\leq e’\leq e-1$ $e’$ $g_{\epsilon’+1,:}(x)\equiv g_{\epsilon’,i}(x)(mod p^{\epsilon’})$ .
$Z/pZ$ $\Phi_{m}(x)$ “ ” , $P$ $m$ 34
. , $Z/p^{e}\mathbb{Z}$ $\Phi_{m}(x)$ “ ” $F_{p}$ .
31 34 , . , .
35 $p\equiv 1(mod m)$ , $\Phi_{m}(x)$ $Z/P\sim$ , square-
free .
36 $p^{2}\equiv 1(mod m),$ $P\neq 1(mod m)$ , $\Phi_{m}(x)$ $\mathbb{Z}/p^{e}\mathbb{Z}$
, squaoe ) .
, $fpsp3$ $fpsp4$, ICF3 ICF4 , $x^{2}-ax\pm 1$
$x^{m}-1$ . 38 310 ,
37 .
37. $g_{e}(x)=x^{2}-a_{e}x+b_{\epsilon}$ $\Phi_{m}(x)$ $Z/p^{\epsilon}Z$ .
.
$x^{p}\equiv a_{e}-x$ $(mod (p^{\epsilon},g_{\epsilon}(x))),$ $(a_{\epsilon}-x)^{p}\equiv x$ $(mod (p^{\epsilon}, g_{\epsilon}(x)))$ .
ICF3, $b$ $b\equiv 1(mod p^{e})$ .
3.8. $m>2$ $p\equiv-1(mod m)$
$\Phi_{m}(x)\equiv\prod_{i\approx 1}^{\varphi(m)}g_{e,i}(x)\equiv\prod(x^{2}-a_{e},:x+1)$ $(mod p^{\epsilon})$
. , $g_{e,i}(x)$ $\mathbb{Z}/p^{e}\mathbb{Z}$ .
$(x-c)(x-c^{-1})(mod p^{e})$ $c$ .
3.9. $P\equiv 1(mod m)$ , $x-c|_{p}\cdot\Phi_{m}(x)$ $c\in(Z/p^{\epsilon}Z)^{n}$ \dagger $x-c^{-1}|_{P}\cdot\Phi_{m}(x)$
.
ICF4, $b$ $b\cong-1(mod p^{e})$ .
3.10. $r$ 8 , $m=2^{\iota}r$ . (
$\Phi_{m}(x)\equiv\prod_{1-1}^{\varphi.(m)}g_{e,:}(x)\cong\prod(x^{2}-a_{\epsilon,:}x-1)$ $(mod p^{\epsilon})$
. , $g_{e,i}(x)$ $\mathbb{Z}/p^{e}\mathbb{Z}$ .
32
$x^{M}-1$ $x^{2}-ax\pm 1$ $\mathbb{Z}/p^{\epsilon}\mathbb{Z}$ . , $x^{2}-ax\pm 1\equiv$
$(x-c)(x\pm c^{-1})(mod p^{e})$ , $m|M$ $m$ $x-c|_{p}\cdot\Phi_{m}(x)$ $x\pm c^{-1}|_{p^{e}}\Phi_{d}(x)$
$d$ .
$(x-c)(x+c^{-1})(mod p^{\epsilon})$ $c$ .
3.11. $m$ $r$ $s>1$ $m=2^{\iota}r$ , $p\equiv 1(mod m)$
, $x-c|_{P^{*}}\Phi_{m}(x)$ $x+c^{-1}|_{p}\cdot\Phi_{m}(x)$ .
3.12. $p\equiv 1(mod m)$ , $x-c|_{p}\cdot\Phi_{m}(x)$ $x+c^{-1}|_{p}\cdot\Phi_{2m}(x)$
.
4
fPsp$(a, b)$ $(a, b)$ , ICF1
ICF5 .
, ICF , $n$ obenius $(a, b)$
, $(a, b)$
. ICF , (i) $n$ $Pt$ $m$:
, (ii) $\Phi_{m_{l}}(x)$ , (iii) $\Phi_{m}$ , $(x)$ $F_{ps}$ , (iv) Henae1’8Lemma
$\mathbb{Z}/P_{1}^{e}$
‘ $Z$ , (v) $(x)=x^{2}-a_{*}\cdot x+b_{*}$.
, $i$ $x^{2}-ax+b\equiv f_{1}(x)(mod p^{\epsilon_{l}})$ $(a, b)$ , .
Frobenius test , J. Grantham
. “$fpsp5(-5,5)$
.” ICF5 .
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